Abstract. The Weyssenhoff fluid is an effective perfect fluid with spin where the spin of the matter fields is the source of torsion. A dynamical analysis of such a fluid is performed in a gauge invariant manner using the 1 + 3 covariant approach. This yields the propagation and constraint equations for the set of dynamical variables. A verification of these equations is performed for the special case of irrotational flow with zero peculiar acceleration by evolving the constraints.
Introduction
The Einstein-Cartan theory of gravity (EC) extends Einstein's theory of general relativity (GR) in a natural way by including the spin properties of matter and their influence on the geometrical structure of space-time. By removing the symmetry requirement on the two lower indices of the connection, Cartan [1] showed that the dynamics is no longer entirely determined by the metric; the antisymmetric part of the connection called torsion became an independent dynamical variable. Besides the energy-momentum of the matter content sourcing curvature, its spin was later postulated to be the source of torsion [2] . The EC theory locally satisfies the Poincaré symmetry [3] accounting for translational degrees of freedom associated with curvature and rotational degrees of freedom linked to torsion.
In order to build cosmological models based on the EC theory, Weyssenhoff and Raabe [4] studied the behaviour of perfect fluids with spin. Their work has been extended by Obukhov and Korotky [5] who showed that by assuming the Frenkel condition ‡ the model reduces to the description of an effective fluid in GR where the effective stress-energy momentum tensor contains some additional spin terms.
The first studies of perturbations of a perfect fluid within GR were carried out by Lifshitz [6] in a fixed gauge and reformulated in terms of gauge-invariant variables by Bardeen [7] . The dynamics of such a fluid have also been investigated in a more physical and transparent gauge-invariant manner by Hawking [8] and extended by Ellis [9] . We shall follow the latter approach here and use the 1 + 3 formalism.
The Weyssenhoff fluid seems a promising candidate to describe cosmological inflation in a geometrical manner without using scalar fields, which have not yet been observed. The dynamics of a Weyssenhoff fluid in a 1 + 3 covariant approach has been studied previously in a cosmological context by Palle [10] . However, there seems to be an unfortunate confusion in that work between the EC theory and the effective GR theory, which leads to a rather opaque procedure of questionable accuracy and makes a new study of this area appropriate.
In the standard GR theory, the 1 + 3 covariant approach leads to six propagation equations and six constraint equations. These give respectively the time and spatial covariant derivatives of the set of dynamical variables, which are the energy density ρ, the expansion rate Θ, the shear density σ, the vorticity density ω, the 'electric' part of the Weyl tensor E and the 'magnetic' part of the Weyl tensor H. The Weyssenhoff fluid is described by an effective GR theory, where the additional degrees of freedom due to torsion are entirely determined by the spin density S. Therefore, in addition to the spin density modifying the dynamical equations for the six standard variables, we also expect to find additional dynamical relations.
In the next section, we briefly outline the EC theory, then give a concise description of a Weyssenhoff fluid in Section 3. In Section 4, we introduce the 1 + 3 formalism by ‡ Note that the Frenkel condition arises naturally when performing a rigorous variation of the action. It simply means that the spin pseudovector is spacelike in the fluid rest frame.
following Ellis and Van Elst's approach [11] . Section 5 is devoted to the Weyssenhoff fluid dynamical analysis, and the consistency of the particular case with zero vorticity and peculiar acceleration (ω = a = 0) is established by evolving the constraints in Section 6. The last section draws a comparison with Palle's results. In this paper, we use the (+, −, −, −) signature. To express our results in the opposite signature used by Ellis [11] , the correspondence between physical variables can be found in [12] and in the Appendix A.
Einstein-Cartan theory
In the EC theory, the effect of the spin density tensor is locally to induce torsion in the structure of space-time. The torsion tensor Q λ µν is defined as the antisymmetric part of the affine connectionΓ
which vanishes in GR since the connection is assumed to be symmetric in its two lower indices. Note that the tilde denotes an EC geometrical object to differentiate it from an effective GR object. In the following, Greek indices refer to a coordinate basis, while Latin indices refer to an arbitrary non-holonomic orthonormal basis. In order to find a proper description of a Weyssenhoff fluid, we first have to determine the EC field equations. The gauge group associated with the EC theory is the Poincaré group [3] . This is easy to understand as the asymmetry of the connection requires an affine generalisation of the Lorentz group which is precisely the Poincaré group. In the Poincaré gauge theory of gravity, the gravitational field is described by the tetrad field e µ a and the local spin connectionω . The geometrical structure of U 4 − i.e. the metric g µν and the EC connectionΓ λ µν − is completely determined by the tetrad (translational field) and the spin connection (rotational field) according to,
Using the gauge relations (2) and (3), the torsion tensor (1) can be rewritten in terms of the translational and rotational fields,
The metric and the connection are assumed to be compatible (i.e.∇ λ g µν = 0), which implies that the EC connectionΓ 
where,
The curvature is described by the Riemann-Cartan tensor and its contractions, i.e. the Ricci-Cartan tensor and the Ricci-Cartan scalar,
R =R 
The field equations of the EC theory are derived from the action S,
where κ = 8πG/c 4 , e = det(e µ a ), Λ is the cosmological constant and L m = L m (e µ a ,ω ab µ , φ m ) is the Lagrangian density of the matter fields φ m . Varying the action (11) independently for e µ a andω ab µ , the field equations are respectively found to be, R 
where Q a = Q µ aµ is the torsion trace, and the material sources of the gravitational field are respectively the energy-momentum and the spin density tensors defined as,
The translational field equation (12) can be recast in terms of purely holonomic coordinates and decomposed into symmetric and anti-symmetric parts,
Weyssenhoff fluid description
The Weyssenhoff fluid is a continuous macroscopic medium which is characterized on microscopic scales by the spin of the matter fields. The spin density is described by an antisymmetric tensor,
and is postulated to be related to the source of torsion according to,
where u λ is the 4-velocity of the fluid element. The Frenkel condition requires the intrinsic spin of a matter field to be of spatial nature in the rest frame of the fluid,
This condition arises naturally from a rigorous variation of the matter Lagrangian L m as shown by [5] .
The Frenkel condition implies that the torsion trace vanishes, and hence the rotational field equations (13) reduce to an algebraic coupling between spin and torsion according to,
Thus, the torsion contributions to the EC field equations are entirely described in terms of the spin density. It is useful to introduce a spin-density scalar defined as,
Obukhov and Korotky showed [5] that for a perfect fluid the EC field equations reduce to effective GR Einstein field equations with additional spin terms, and effective antisymmetric spin field equations.
The former are found to be,
where the effective stress energy momentum tensor of the fluid is given by,
with effective energy density and pressure of the form,
satisfying the physical equation of state,
where w is the equation of state parameter. The effective antisymmetric spin field equations are given by,
1+3 covariant formalism
We will briefly outline the basics of the 1 + 3 covariant formalism introduced by Hawking and extended by Ellis to describe the fluid dynamics within GR in a nonperturbative way. The aim of this approach is to study the intrinsic dynamics of fluid models in a physically transparent manner. This formalism relies on covariantly defined variables, which are gauge-invariant by construction, thus simplifying the methodology and clarifying the physical interpretation of the models. Furthermore, the form of the metric does not need to be explicitly specified and can remain fully general until the dynamics is determined. Finally, this approach admits a covariant and gauge-invariant linearization that allows linearized calculations to be performed in a direct manner [12] .
To introduce the 1 + 3 covariant formalism, we follow Ellis and Van Elst's approach [11] using the opposite signature. The approach is based on a 1 + 3 decomposition of geometric quantities with respect to a fundamental 4-velocity u µ which uniquely determines the worldline of every infinitesimal volume element of fluid,
where τ is the proper time measured along the worldlines. In the context of a general cosmological model, we require that the 4-velocity be chosen in a physical manner such that in the FRW limit the dipole of the cosmic microwave background radiation vanishes. This condition is necessary to ensure the gauge-invariance of the approach. The 4-velocity u µ defines locally two projection tensors in a unique fashion,
The first projects parallel to the 4-velocity vector u µ , and the second determines the (orthogonal) metric properties of the instantaneous rest-spaces of observers moving with 4-velocity u µ . There is also a volume element for the rest-spaces defined as
where η λµνρ is the 4-dimensional volume element (
Note that the contraction of the rest-space volume elements can be expressed in terms of the induced metric on these rest-spaces as
Moreover, we define two projected covariant derivatives which are the time projected covariant derivative along the worldline (denoted˙) and the orthogonally projected covariant derivative (denoted D µ ). For any general tensor T µ... ν... , these are respectively defined asṪ
Furthermore, the dynamics is determined by projected tensors that are orthogonal to u µ on every index. The angle brackets are used to denote respectively orthogonal projections of vectors and the orthogonally projected symmetric trace-free part (PSTF) of rank-2 tensors according to,
For convenience, the angle brackets are also used to denote the orthogonal projections of covariant time derivatives of tensors along the worldline u µ as follows,
The orthogonal projection of the covariant time derivative of a general tensor T µ...
It is also useful to define the projected covariant curl as,
Information relating to the kinematics is contained in the covariant derivative of u µ which can be split into irreducible parts, defined by their symmetry properties,
where
µ is the relativistic peculiar acceleration vector, representing the degree to which matter moves under forces other than gravity.
• Θ ≡ D µ u µ is the scalar describing the volume rate of expansion of the fluid (with H = 1 3 Θ the Hubble parameter).
• σ µν ≡ D µ u ν is the trace-free rate-of-shear tensor describing the rate of distortion of the matter flow.
•
is the anti-symmetric vorticity tensor describing the rotation of matter relative to a non-rotating frame.
These kinematical quantities have the following properties,
It is useful to introduce two additional pseudovectors known respectively as the vorticity and spin density. These pseudovectors are defined by duality as,
and satisfy
It is also of physical interest to introduce three further scalars which are respectively the acceleration, the shear and the vorticity magnitudes defined as,
Weyssenhoff fluid dynamics in a 1+3 covariant approach
We will now consider the 1 + 3 covariant approach to describe accurately the dynamics of a Weyssenhoff fluid on all scales in a non-perturbative way. Once the dynamical evolution is entirely determined, a perturbation analysis can be performed for any
given class of models according to their symmetries. In a cosmological context, we would require the cosmological fluid to be highly symmetric on large scales but allow for generic inhomogeneities on small scales. This is necessary to provide an accurate enough description of the observable universe accounting for its homogeneity and isotropy on large scales as well as for all the complicated structures it contains on small scales. The dynamics of any effective perfect fluid model is fully determined by its matter content and its curvature. The matter content of the Weyssenhoff fluid is described by the effective stress-energy momentum tensor (24). Using the 1 + 3 formalism, it can be recast to be,
The physical interpretation of the Weyssenhoff fluid now becomes more transparent. The terms containing the effective energy density ρ s and pressure p s represent the behaviour of an effective perfect fluid, where ρ s and p s account for the spin contributions. The other terms describe how the peculiar acceleration of the fluid a µ and the fluid anisotropies − described by the rate-of-shear σ µν and the vorticity ω µν respectively − couple to the spin density S µν and contribute to the effective energy density of the fluid. All the information related to the curvature is encoded in the Riemann tensor which can be decomposed as [8] ,
where C ρµ νλ is the Weyl tensor constructed to be the trace-free part of the Riemann tensor.
By analogy to classical electrodynamics, the Weyl tensor can be split relative to u µ into an 'electric' and a 'magnetic' part [8] according to,
where * C µνρσ is the dual of the Weyl tensor. These parts represent the 'free gravitational field', enabling gravitational action at a distance and describing tidal forces and gravitational waves.
The Ricci tensor R µν is simply obtained by substituting the expression (52) for the effective stress energy momentum tensor T s µν into the Einstein field equations (23),
The Riemann tensor R ρµ νλ can be fully split in a 1 + 3 manner according to (53) by using the expression (56) for the Ricci tensor R µν and the decomposition of the Weyl tensor C ρµ νλ into its electric E µν and magnetic H µν parts. For convenience, the tensor is split into three parts: the spinning perfect fluid part (P), the electric part of the Weyl tensor (E) and the magnetic part of the Weyl tensor (H). The decomposition yields,
Note that for a vanishing spin density (i.e. in absence of torsion), we recover Ellis and van Elst's results [11] after reexpressing the physical variables in terms of the opposite signature (−, +, +, +). This is also the case for every propagation and constraint equation describing the dynamics of the Weyssenhoff fluid because these expressions are projections of effective GR identities which are based on the Riemann tensor and its contractions.
In general, there are four sets of dynamical equations for a perfect fluid with spin. These sets are derived respectively from the Ricci identities, the effective antisymmetric field equations and the Bianchi identities, once-and twice-contracted. We now discuss each set in turn.
Ricci identities
The first set of dynamical equations arises from the Ricci identities for the vector field u µ defining the worldline of every matter field, i.e.,
To extract the physical information stored in the Ricci identities, the latter have to be projected along the worldlines u µ and on the orthogonal spatial hypersurfaces h µ ν . The non-vanishing projections yield the propagation equations and the constraint equations respectively,
where the latter have been expressed in terms of rank-2 tensors by duality (η ρλ ν ) without loss of information.
The Ricci identities can be further split by separating the propagation and constraint equations into their trace part (T), symmetric trace-free part (STF) and antisymmetric trace-free part (ATF). The sets of equations are explicitly determined by the kinematics of the 1 + 3 covariant formalism (41) and by substituting the Riemann tensor decomposition (57) into the projections yielding the propagation (59) and constraint (60) equations respectively before splitting them into parts.
The propagation equations are found to be as follows.
• The Raychaudhuri equation (T),
which is the basic dynamical equation of a perfect fluid with spin in this system. The last term on the RHS describes how the interaction between the spin density and the vorticity density affects the large scale dynamics. The physical meaning of this term is clear: the energy required to align the spin with the vorticity will act like a brake on the expansion, leading to the presence of this damping term in the Raychaudhuri equation.
• The vorticity propagation equation (ATF),
which shows how vorticity conservation follows for a perfect fluid. Note that there is no spin contribution, which means that torsion does not explicitly affect the vorticity evolution, although the effect of spin on the other dynamical variables must be taken into account.
• The shear propagation equation (STF),
which shows how the tidal gravitational field E µν and the spin density S µν induce shear. The coupling between the spin density and the shear density contributes to the fluid anisotropies by increasing the rate of shear whereas the coupling between the spin density and the vorticity density has the opposite effect.
The constraint equations are given by the following relations.
• The vorticity divergence constraint (T),
This constraint simply expresses the fact that, in presence of a peculiar acceleration induced by a non-gravitational force due to the fluid dynamics, the spatial variation of vorticity is proportional to the vorticity.
• The shear and spin divergence constraint (ATF),
Using the vorticity constraint (64), the shear and spin density constraint (65) can be recast as,
This expression relates the spatial variation of physical quantities, such as the spin density, the rate of shear and the expansion rate on the LHS, to the coupling between the acceleration due to the fluid dynamics and the fluid anisotropies on the RHS.
• The magnetic constraint (STF),
Using the vorticity constraint (64), the magnetic constraint (67) reduces to,
This constraint shows that the magnetic part of the Weyl tensor is induced by the curl of the shear and the coupling between the acceleration due to the fluid dynamics and the vorticity.
Once-contracted Bianchi identities
The second and third set of dynamical equations are contained in the Bianchi identities. The Riemann tensor satisfies the Bianchi identities as follows,
By substituting the splitting (53) of the Riemann tensor R λν µρ and the effective Einstein field equations (23) into the Bianchi identities (69) and contracting two indices (σ and ρ), the once-contracted Bianchi identities are found to be,
In a similar manner to the Ricci identities, the information stored in the once-contracted Bianchi identities has to be projected along the worldlines u µ and on the orthogonal hypersurfaces h µ ν . The projections yield respectively two propagation and two constraint equations,
The sets of equations are explicitly determined by substituting the expression for the Weyl tensor splitting (57) and the Ricci tensor (56) into the projections of the once-contracted Bianchi identities (71) − (74).
• The electric propagation equation,
This equation is similar in form to Maxwell's electric propagation equation in an expanding universe. The (SĖ) µν term on the RHS of relation (75) describes how the coupling between the spin density and the fluid anisotropies contributes to the gravitational tidal field E µν .
• The magnetic propagation equation,
This expression is analogous to Maxwell's magnetic propagation equation in an expanding universe. The (SḢ) µν term on the RHS of this relation (76) describe how the coupling between the spin density and the fluid anisotropies contributes to the gravitational tidal field H µν .
In a similar manner to that in which Maxwell's equations describe electrodynamics in an expanding universe, the coupling between the electric (75) and magnetic (76) propagation equations gives rise to gravitational waves damped by the expansion of the universe.
• The electric constraint equation,
This constraint is a vector analogue of the Newtonian Poisson equation. It is similar in form to Maxwell's electric divergence equation. For this gravitational field equation, the source is not the electric charge density but the energy density. The (S divE ) µ term on the RHS of expression (77) describes how the coupling between the spin density and the fluid anisotropies acts like an effective electric divergence source.
• The magnetic constraint equation,
This constraint is analogous to Maxwell's magnetic divergence equation. Unlike for Maxwell's equation, this gravitational field equation has a source term which is the fluid vorticity. The (S divH ) µ term on the RHS of expression (78) describes how the coupling between the spin density and the fluid anisotropies acts like an effective magnetic divergence source.
Twice-contracted Bianchi identities
The third set of equations is given by the twice-contracted Bianchi identities which represent the conservation of the effective stress energy momentum tensor. They are obtained by performing a second contraction (µ = ν) on the once-contracted Bianchi identities (70),
There are only two possible projections to extract the information stored in the twice-contracted Bianchi identities,
The propagation and constraint equations are explicitly determined by substituting the reduced expression for the stress-energy momentum tensor (52) into the two projections of the twice-contracted Bianchi identities (80) and (81) respectively.
The propagation equation is found to be as follows.
• The effective energy conservation equation,
Note that for a vanishing spin density this relation reduces to the well-known energy conservation equation determining the evolution of the physical energy density ρ and pressure p.
The constraint equation is given by the following relation.
• The momentum conservation equation,
The term (S p ) µ describes how the coupling between the spin density and the fluid anisotropies contributes to the total angular momentum.
Spin dynamics
The last set of dynamical equations for the evolution of the Weyssenhoff fluid is provided by the spin dynamics. The effective antisymmetric field equations (27) represent the spin conservation law. To extract the spin conservation equation, the field equations (27) are twice projected on the hypersurface orthogonal to the worldline. By duality, we can write it in terms of the spin density pseudovector S µ without loss of information (46), and we obtain:
• The spin conservation equation,
This expression (84) can be recast in terms of the spin-density scalar S 2 (22) defined as,
It is then simply given by,
This relation shows that the evolution of the spin density is the same on all scales because it is entirely determined by the volume rate of expansion of the fluid. For consistency, note that this expression implies that the spin density is inversely proportional to the volume of the fluid. The effective energy conservation equation (82) can now be recast in terms of the true (i.e. not effective) energy density and pressure of the fluid by substituting the spin conservation equation (86),
Consistency of the dynamics for an irrotational Weyssenhoff fluid with no peculiar acceleration
The consistency of the propagation and constraint equations can be verified by evolving the constraints. This is a tedious but straightforward task. To make the problem tractable, we chose to restrict our attention to the class of models for which the fluid dynamics is described by an irrotational flow (i.e. ω µν = 0) with no peculiar acceleration (i.e. a µ = 0). This ensures a hypersurface-orthogonal flow and the existence of a globally defined cosmic time. If the flow is initially irrotational, it will remain so at later times [11] .
For each space-time slicing, we can now define the curvature tensors entirely in terms of the spatial hypersurface orthogonal to the worldline. For this purpose, let us define a vector v λ , which is orthogonal to the worldline, and an expansion tensor Θ µν according to
The Ricci identities on the 3-space orthogonal to the worldline can be defined as
where the 3-space Riemann tensor * R µνρσ is related to the Riemann tensor R µνρσ by
The 3-space Ricci tensor and scalar can be obtained by contracting the 3-space Riemann tensor with the induced 3-space metric h µν ,
Using (41), (57), (63) and (90), these 3-space curvature quantities can be recast respectively as,
where the last relation is the generalised Friedmann equation expressed in terms of the spatial curvature * R.
Evolution of the constraints
To determine the time evolution of the constraint equations, we shall follow Maartens' approach [14] and generalise his results to the include the presence of spin. For an irrotational Weyssenhoff fluid in absence of any peculiar acceleration, the propagation equations (61), (63), (75), (76), (84) and (87), denoted by P A = 0 where A = 0, . . . , 5 , reduce to
and the constraint equations (66), (68), (77), (78), and (83), denoted by C A = 0 where A = 0, . . . , 4 , become
The evolution of the constraints C A along the worldlines u µ leads to a system of equationsĊ
, where F A do not contain time derivatives, since these are eliminated via the propagation equations P A and suitable identities. The covariant analysis of propagation and constraint equations involves frequent use of a number of algebraic and differential identities governing the kinematical and dynamical quantities. In particular, one requires commutation rules for spatial and time derivatives. The necessary identites are collected for convenience in Appendix B. After lengthy calculations the explicit time evolution of the constraints (103), (104), and (106) is found to be,
The time evolution of C 0 µ was not explicitly established because the equation of state needs to be specified for this endeavour. Neither was the expression for the time evolution of C 3 µ explicitly determined due to the overwhelming algebraic complexity of that particular computation. However, it is plausible that the dynamics is consistent since the three time evolution equations for the constraints (107), (108) and (109) involve all the constraint and propagation equations. This is true with the exception of P 1 . As we discuss below, P 1 is not involved in the time evolution of (107), (108) and (109). However, Obukhov and Korotky have shown [5] , using the Frenkel condition, that any perfect fluid with spin in the EC theory has an energy conservation equation of the form P 1 . This is sufficient to show independently the consistency of P 1 . The time evolution of C Hence, having shown that the dynamics of an irrotational Weyssenhoff fluid in absence of any peculiar acceleration (ω = a = 0) is consistent, it is very plausible -− although not proven − that this will remain the case when the vorticity and the acceleration are considered.
Comparison with previous results
A first attempt to study the dynamics of a Weyssenhoff fluid in a 1+3 covariant approach was initiated by Palle [10] . The results we find in this paper disagree, however, with the majority of the results derived by Palle, as we now briefly explain.
In a similar way to our own procedure, Palle based his analysis on the effective Einstein field equations for a Weyssenhoff fluid obtained by Obukhov and Korotky [5] , which are outlined in relation {1} of his publication. As explicitly stated in his work, Palle projects the EC version of the Ricci identities,
which are given in relation {4} of his paper to find the corresponding propagation and constraint equations. This stands in direct contradiction with the fact that the 1 + 3 covariant approach is based on effective field equations. Moreover, in Palle's work, there is no mention of the antisymmetric part of the EC field equations which lead to effective antisymmetric field equations describing the spin dynamics. It seems unfeasible to provide an accurate description of a cosmological fluid with spin without describing the spin dynamics.
Furthermore, Palle chose to neglect the contributions due to the electric and magnetic part of the Weyl tensor but did not provide any explanation for this. Indeed, the relation {7} he obtained for the shear propagation equation has no tidal gravitational field E µν contribution, and there is no magnetic constraint equation. To describe the late time cosmological evolution, it seems indeed reasonable to neglect the contributions due to the primordial free propagating gravitational fields which have been damped by the cosmological expansion. However, these fields do significantly affect the early dynamics and have to be taken into account in a general description of cosmological models.
Finally, Palle does not determine the cosmological relations derived from the Bianchi identities. Again, these would be very useful to understand the dynamics of the early time evolution of cosmological models.
To compare explicitly our results with those obtained by Palle, note that the torsion scalar Q he uses is related − due to the algebraic coupling between spin and torsion − to our definition of the spin density S by,
It is now straightforward to see that neither the propagation equations {5 − 7} nor the constraint equations {8 − 9} he found agree with our own corresponding results.
Conclusions
We have used the 1 + 3 covariant approach to determine the dynamics of a Weyssenhoff fluid in a non-perturbative and hence completely general manner. This gauge-invariant procedure leads to a consistent set of seven propagations equations and six constraints equations. These give respectively the time and spatial covariant derivative of the set of dynamical variables (ρ, Θ, σ, ω, E, B, S). Compared to the dynamics of a perfect fluid in GR, there is one additional propagation equation which is the spin density propagation equation. Note that the spin constraint is included in the shear constraint. To remain as general as possible we chose not to perform a first-or second-order perturbation analysis for any a particular class of models. This can easily be done according to the symmetries of the models, and some specific examples will be pursued in a later publication. 
